Abstract. Using the Mathematica package, we find exact analytical expressions for the so-called de-projected de Vaucouleurs and Sérsic laws as well as for related spatial (3D) quantities -such the mass, gravitational potential, the total energy and the central velocity dispersion -generally involved in astronomical calculations expressed in terms of the Meijer G functions.
Introduction
Dynamical studies of astronomical systems like Elliptical Galaxies or Clusters of Galaxies involve the de-projection of observed (projected on the sky) quantities like surface brightness profiles, numerical density profiles, velocity dispersion profiles etc.The 3D profiles obtained are then used to derive e.g the total luminosity (or mass) of the system or the gravitational potential and are used in the Jeans equation which is then resolved to get for instance the kinematics of the system. The de Vaucouleurs profile (de Vaucouleurs 1948) and its generalization by the Sérsic law (Sérsic 1968) , is one of the most often used laws particularly in the study of Elliptical Galaxies.
Unhappily these laws have so far lead to non-analytical de-projection (i.e spatial) quantities. Efforts have been made in the last decades to provide either numerical tables (Poveda et al 1960 , Young 1976 or approximations and asymptotic expressions (Mellier and Mathez 1987 , Ciotti 1991 , Graham and Colless 1997 , Ciotti and Bertin, 1999 , Marquez et al. 2001 ).
Here we give analytical exact expressions for 3D quantities usually derived when using the de Vaucouleurs or Sérsic laws.
Principles
The classical de Vaucouleurs and Sérsic laws express the dependence on the projected central distance R of for instance the Luminosity Intensity I(R) of an Elliptical Galaxy.
The de Vaucouleurs law relates the Intensity I(R) to the central one, I(0), by:
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(1) and the Sérsic profile, which is a generalization of the de Vaucouleurs profile, is written:
The parameter b(m) is determined from the definition of the effective radius R e , which is the projected radius inside which the projected luminosity (or mass) equals half of the total luminosity (or mass). The de Vaucouleurs law is recovered for b(4) = 7.66925.
The requested 3D profiles are related to the derivative of the projected profiles by the usual Abel Integral written here for the 3D density profile n(r):
Except for some particular cases there is no known exact expression for theses integrals, in particular in the case of the Sérsic ( de Vaucouleurs ) profiles.
However, using Mathematica we succeeded in obtaining exact analytical expressions for such integrals that involve the Meijer G functions. Physical quantities such as the spatial luminosity or mass profiles, the gravitational force, the gravitational potential and energy, which are combinations or integrals of the above functions, have also analytical expressions involving Meijer G functions. Some of these expressions are given below and numerical evaluations are compared to previous numerical calculations.
We first give the classical definition of the Meijer G functions together with some of their properties which will be useful in understanding the results given by Mathematica.
The Meijer functions
These functions are defined as integrals of products of Γ functions. The generalized Meijer G function is defined as: (Gradshteyn & Ryzhik, 1980; Wolfram, 1991 ; for a collection of formulae related to the Meijer G functions cf. http://functions.wolfram.com/Hypergeometric Functions/MeijerG/).
The case r = 1 defines the standard Meijer function, G k,l p,q z| {α1···α l },{α l+1 ···αp} {β1···β k },{β k+1 ···βq} } , which is the form we will be dealing with in the rest of this work. In the Mathematica StandardForm notation it writes as:
For clarity we will keep both these notations, although suppressing the suffix "Meijer".
Notice that in these formulae, the empty case: { } means that the corresponding coefficients are not defined and thus do not exist. This may occur, for instance, when k = q, or l = p, or else when one of those indices are null. An example is given by Eq. (7) below.
The following identity may be easily obtained by a substitution of the integration variable u → u + c, where c is a constant, in Eq. (4):
The moments of the Meijer function are expressible in terms of the higher-order Meijer functions:
This may be straightforwardly demonstrated by inverting the order of the integrations.
In some particular cases the Meijer G functions may be expressed in term of more classical special functions. As an example we give below the case of the Meijer function 
where K τ (x) is the modified Bessel function of τ − order.
The 3D laws
In the following, we give the analytical expressions using the Mathematica formalism for the G Functions.
Let first start by introducing some useful dimensionless quantities. The dimensionless 2D and 3D x and s radial distances are expressed in terms of R e as:
The dimensionless 2D and 3D profiles are also defined as:
which lets equations (1) and (2) transform in the following reduced form:
where the de Vaucouleurs law is obtained for m = 4.
The de-projection integral (3) also transforms to:
De-projection of the de Vaucouleurs law
We give here some detailed results for the case of the de Vaucouleurs law as an example and give more general results in the next section using the Sérsic law. Integrating the preceding equations formally using Mathematica, we first derive the expression for the 3D profile n(r). We will then calculate the luminosity (or mass) profiles as well as the gravitational potential and the gravitational energy.
Only numerical estimations or asymptotic behaviors were given before (Poveda et al, 1960; Young, 1976; Mellier & Mathez, 1987 ) so we will compare our results with those provided by Young for the spatial density and for the luminosity (or mass).
The basic ingredient to obtain the ν(s) profile is the derivative of the de Vaucouleurs law, equation (1), relative to the projected dimensionless distance, x, which is written:
Integrating equation (11), the spatial density ν(s) expressed in terms of the dimensionless 3D radial distance s is then given by:
One then obtains the luminosity (or mass) spatial profile defined by:
which with a new formal integration gives:
The gravitational potential is defined by:
which gives:
The values tabulated by Young (1976) are recovered defining the new potential:
In 
The de-projection of the Sérsic law
We give now more general expressions for the 3D profile derived from the Sérsic law. The spatial density expressed in terms of the dimensionless 3D distance s can be written as (see e.g. Ciotti, 1991; Graham & Colless, 1997 ): 
and
we obtain, for m = 1: This may be seen by applying the identity Eq. (5) and noting that β S = β DV − 1/2, where β S and β DV denote the arrays of β coefficients appearing respectively in Eq. (23) and Eq. (13).
The expressions above have the general form:
with β S (m) denoting the 2m-array:
Other related quantities
Related quantities as the mass , the gravitational potential, the (total) potential energy and the (central) velocity dispersion, can then be formally calculated by other integrations, similar to what has been done for the de Vaucouleurs profile. From Eq. (14) we find for the mass:
Notice that in the case m = 1, because of Eq. (21), an alternative expression for the mass may be given by:
in which b stands for b(1) and Γ(x) and Ψ(n, x) denote the gamma function and its (n+1) th derivative (i.e, the digamma -or psi -function in the case n = 0, and polygamma function in the general case). Both expressions, Eq. (26) For the gravitational potential, using Eqs. (16) and (26), we find the following expression:
Notice that, as before with the equations for ν(s) and for the same reasons, in the case m = 4, Eqs. (26) and (28) above will differ from those given before in Section 4.1 (Eqs. (15) and (17)).
The gravitational potential energy is defined by:
Unfortunately there seems to be no formal solution for this integral in terms of Meijer functions. However, by making use of a classical integral of a product of Meijer functions given in http://functions.wolfram.com/07.09.16.0025 one finds the following expression for the total potential energy:
where, besides the 2m−array of coefficients β S (m) defined by Eq. (25), we have also defined the 2m−array:
The velocity dispersion of a spherical system in hydrostatic equilibrium is given by:
As for the gravitational potential energy, for systems endowed with a Sérsic density profile, this integral may be expressible in terms of Meijer functions for the case s = 0.
We proceed similarly as to Eq. (30) to get:
with α σ (m) ≡ (2m − 1)/2m − β S (m).
Conclusions
1. We obtain analytical solutions for the de-projected de Vaucouleurs and Sérsic laws using formal integration with Mathematica as well as for other related quantities like the mass or the potential, total potential energy and the central velocity dispersion.
2. Comparisons with existing numerical estimates show very few differences, however analytical expressions are always much more very convenient to deal with in many cases.
In terms of the dimensionless quantities, x ≡ R/R e and l(x) ≡ L/I 0 R This is solved instantaneously using the following Mathematica commands: 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14 The derived values of b(m) are given in Table A .1, where we compare the Mathematica results with those from the asymptotic expansions by Ciotti & Bertin (1999) . For m = 4, we find of course b(4) = 7.66925. 
